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the shatter fun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bounded VC-dimension. We use this bound to delineate the main growth rates
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Set Systems and Families of Permutations with
Small Traes
Résumé : Nous étudions la taille maximale d'un hypergraphe à n sommets
dont la trae sur toute sous-famille de b sommets est de taille au plus k. Nous
montrons que pour tous entiers b ≥ i ≥ 0, si la fontion de pulvérisation fR
d'un hypergraphe ([n], R) satisfait fR(b) < 2
i(b − i+ 1) alors |R| = O(ni); ela
généralise le Lemme de Sauer sur la taille des hypergraphes de dimension de
Vapnik-Chervonenkis bornée. Nous utilisons ensuite ette borne pour séparer
les prinipaux régimes de roissane pour une question analogue sur les familles
de permutations, où l'opération de trae orrespnd à l'inlusion de motifs. Cela
est relié à une question de Raz sur les familles de permutations à dimension de
Vapnik-Chervonenkis bornée qui généralise la onjeture de Stanley-Wilf sur les
permutations à motifs exlus.
Mots-lés : Hypergraphes, Dimension de Vapnik-Chervonenkis, Lemme de
Sauer, Motifs de permutation
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1 Introdution
In this paper, we study two problems of the following avor: how large an a
family of ombinatorial objets dened on [n] = {1, . . . , n} be if its number of
distint projetions on any small subset is bounded? We onsider set systems,
where the projetion is the standard notion of trae, and families of permuta-
tions, where the projetion orresponds to the notion of inlusion used in the
study of permutations with exluded patterns.
Set systems. A set system, also alled a range spae or a hypergraph, is a
pair (G,R) where G is a set, the ground set, and R is a set of subsets of G,
the ranges. Sine we will only onsider nite set systems, our ground set will
always be [n]. Given X ⊂ [n], the trae of R on X , denoted R|X , is the set
{A ∩ X | A ∈ R}. Given an integer b, let (Rb) denote the set of b-tuples of R,
and dene:
fR(b) = max
X∈([n]b )
|R|X |.
The funtion fR is alled the shatter funtion of ([n], R), and ounts the size of
the largest trae on a subset of [n] of size b. The rst problem we onsider is
the following:
Question 1. Given b and k, how large an a set system ([n], R) be
if fR(b) ≤ k?
For k = 2b − 1, the answer is given by Sauer's Lemma [15℄ (also proven inde-
pendently by Perles and Shelah [17℄ and Vapnik and Chervonenkis [18℄), whih
states that:
|R| ≤
b−1∑
i=0
(
n
i
)
= O(nb−1). (1)
The largest b suh that fR(b) = 2
b
is known as the VC-dimension of ([n], R).
The theory of set systems of bounded VC-dimension, and in partiular Sauer's
Lemma, has many appliations, in partiular in geometry and approximation
algorithms; lassial examples inlude the epsilon-net Theorem [7℄ or improved
approximation algorithms for geometri set over [6℄.
For the ase of graphs, that is, set systems where all ranges have size 2,
Question 1 is a lassial problem known as a Dira-type problem: what is the
maximum number Ex(n,m, k) of edges in a graph on n verties whose indued
subgraph on any m verties has at most k edges? These problems were ex-
tensively studied in extremal graph theory sine the 1960's, and we refer to
the survey of Griggs et al. [11℄ for an overview. In the ase of general set sys-
tems, the only results we are aware of are due to Frankl [9℄ and Bollobás and
Radlie [5℄. Speially, Frankl proved that
fR(3) ≤ 6⇒ |R| ≤ t2(n) + n+ 1 and fR(4) ≤ 10⇒ |R| ≤ t3(n) + n+ 1,
where ti(n) denotes the number of edges of the Turán graph Ti(n). Bollobás
and Radlie showed that:
fR(4) ≤ 11⇒ |R| ≤
(
n
2
)
+ n+ 1 exept for n = 6.
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There has also been interest in the ase where b = αn and b = n − Θ(1); we
refer to the artile of Bollobás and Radlie [5℄ for an overview of these results.
Permutations. The notion of VC-dimension was extended to sets of permu-
tations by Raz [14℄ as follows. Let σ be a permutation on [n] and X some
subset of [n]. The restrition of σ to X is the permutation σ|X of X suh that
for any u, v ∈ X , σ−1|X (u) < σ−1|X (v) whenever σ−1(u) < σ−1(v); if we onsider a
permutation as an ordering, σ|X is simply the order indued on X by σ. This
allows to dene the shatter funtion of a set F of permutations similarly:
φF (m) = max
X∈([n]m)
|F|X |.
The VC-dimension of F is then the largest m suh that φF (m) = m!, and the
analogue of Question 1 arises naturally for sets of permutations:
Question 2. Given m and k, how large an a set F of permutations
on [n] be if φF (m) ≤ k?
Raz [14℄ showed that any family of permutations on [n] suh that φF (3) < 6
has size at most exponential in n, and asked whether the same holds whenever
k < m!.
This problem is related to lassial questions on families of permutations
with exluded pattern. A permutation σ on [n] ontains a permutation τ on [m]
if there exists a1 < a2 < . . . < am in [n] suh that σ
−1(ai) < σ
−1(aj) whenever
τ−1(i) < τ−1(j). If no permutation in a family F ontains τ then F avoids
τ and τ is an exluded pattern for F . The study of families of permutations
with exluded patterns goes bak to a work of Knuth [12℄, motivated by sorting
permutations using queues, and reeived onsiderable attention over the last
deades. In partiular, Stanley and Wilf asked whether for any xed permuta-
tion τ the number of permutations on [n] that avoid τ is at most exponential in
n, a question answered in the positive by Marus and Tardos [13℄. If a family
of permutations has VC-dimension at most m− 1 then for any m-tuple X ⊂ [n]
there is a permutation σ(X) on [m] whih is forbidden for restritions to X . In
that sense, Raz's question generalizes that of Stanley and Wilf.
Our results. In this paper, we generalize Sauer's Lemma, and show that for
any range spae ([n], R), if fR(b) < 2
i(b − i + 1) for some b > i ≥ 0 then
|R| = O(ni) (Theorem 2). We then prove that the ondition fR(b) = k is in
fat equivalent to a Dira-type problem on graphs for k ≤ 8 + 3⌊ b−32 ⌋ + s(b),
where s(b) = 1 when b is even and 0 otherwise (Lemma 3). It follows that some
onditions fR(b) = k lead to growth rates with frational exponents (Corol-
lary 4), a behavior not aptured by Theorem 2. Finally, we give a redution
of the permutation problem to the set system problem (Lemma 5) from whih
we dedue the main transitions between the onstant, polynomial and at least
exponential behaviors for Question 2.
INRIA
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2 Set systems
In this setion we give bounds on the size of a set R of ranges on [n] with a
given fR(b). Reall that a set system ([n], R) is ideal, also alled monotone
dereasing
1
, if for any B ⊂ A ∈ R we have B ∈ R. The next lemma was proven,
independently, by Alon [1℄ and Frankl [9℄.
Lemma 1. For any set system ([n], R) there exists an ideal set system ([n], R˜)
suh that |R| = |R˜| and for any integer b we have fR˜(b) ≤ fR(b).
This an be shown by dening, for any x ∈ [n], the operator (also alled a
push-down or a ompression)
T˜x(R) = {A \ {x} | A ∈ R} ∪ {A | A ∈ R suh that x ∈ A and A \ {x} ∈ R},
that removes x from any range in R where that does not derease the total
number of sets. Then,
R˜ = T˜1
(
T˜2
(
. . . (T˜n (R)
)
. . .
)
is one suh ideal set. We refer to Bollobás [4, Chapter 17℄ and the survey of
Füredi and Pah [10℄ for more details. An immediate onsequene of Lemma 1
is that we an work with ideal set systems when studying our rst question.
2.1 Sauer's Lemma for small traes
Dene
(
n
−1
)
= 0 and onsider the sequene υi(b) = 2
i(b− i+1) that interpolates
between b + 1 = υ0(b) and 2
b = υb−1(b). Our rst result is the following
generalization of Sauer's Lemma.
Theorem 2. Let b > i ≥ 0 be two integers. Any range spae ([n], R) with
fR(b) < υi(b) has size |R| = fR(n) <
∑i
j=0(b − j + 1)
(
n
j
)
Proof. By Bondy's Theorem [4℄, for any b + 1 distint ranges there exist b
elements on whih they have distint trae. It follows that if fR(b) < b + 1 we
also have fR(n) < b+1 for any n, and the statement holds for i = 0. Also, from
i∑
j=0
(b− j + 1)
(
b
j
)
≥ (b− i+ 1)
i∑
j=0
(
b
j
)
≥ (b− i+ 1)2i = υi(b),
we have that the statement holds for n = b and any i.
Now, we x b and assume that we have
fR(b) < υk(b) ⇒ fR(t) <
k∑
j=0
(b − j + 1)
(
t
j
)
whenever k < i or k = i and t < n. Let R′ = R|[n−1] denote the trae of R
on [n− 1] and let D denote the ranges in R′ that are the trae of two distint
ranges from R. Notie that:
|R| = |R′|+ |D| and fR′(b) < υi(b). (2)
1
An ideal set system is also an abstrat simpliial omplex to whih the empty set was
added.
RR n° 7154
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Sine D ⊂ R′, we have that |D|X | ≤ |R′|X | and thus |D|X | ≤ 12 |R|(X∪{n})|. It
follows that fD(b− 1) ≤
⌊
fR(b)
2
⌋
. Now, from υi(b) = 2υi−1(b− 1) we get that:
fD(b− 1) < υi−1(b − 1). (3)
From Equations (2) and (3) and the indution hypothesis we obtain:
|R| <
i∑
j=0
(b − j + 1)
(
n− 1
j
)
+
i−1∑
j=0
(b − 1− j + 1)
(
n− 1
j
)
.
This rewrites as
|R| < b+ 1 +
i∑
j=1
(b − j + 1)
(
n− 1
j
)
+
i∑
j=1
(b − j + 1)
(
n− 1
j − 1
)
and with
(
n−1
j
)
+
(
n−1
j−1
)
=
(
n
j
)
we get
|R| < b+ 1 +
i∑
j=1
(b − j + 1)
(
n
j
)
=
i∑
j=0
(b − j + 1)
(
n
j
)
,
and thus:
fR(b) < υi(b) ⇒ fR(n) <
i∑
j=0
(b− j + 1)
(
n
j
)
.
The statement follows by indution.
Now, onsider the following family of lower bounds. For i = 1, . . . , b let
λi(b) = max
b=b1+...bi
i∏
j=1
(bj + 1)
and onsider the system ([n], R) where R is obtained by splitting [n] into i
roughly equal subsets and piking all i-tuples ontaining one element from eah
subset. Notie that |R| = Ω(ni) and that fR(b) ≤ λi(b). The same holds for
i = 0 with λ0(b) = 1. Thus, for any k suh that λi(b) ≤ k < υi(b), the maximum
size of a set system ([n], R) with fR(b) = k is Θ(n
i).
b υ0(b)-1 λ1(b) υ1(b)-1 λ2(b) υ2(b)− 1 λ3(b) υ3(b)− 1 λ4(b) υ4(b)− 1 λ5(b)
|R| O(1) Ω(n) O(n) Ω(n2) O(n2) Ω(n3) O(n3) Ω(n4) O(n4) Ω(n5)
2 2 3
3 3 4 5 6
4 4 5 7 9 11 12
5 5 6 9 12 15 18 23 24
6 6 7 11 16 19 27 31 36 47 48
Table 1: The values vi(b) and λi(b) for small b. Gaps appear in red.
In partiular, the order of magnitude given by Theorem 2 is tight for all
b ≤ 4, with the exeption of set systems with fR(4) = 8.
INRIA
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Remark. Observe that the ondition that fR(b) < υi(b) does not imply that
R has VC-dimension at most i. A simple example is given by
R = {A | A ⊂ [i]} ∪ {{x} | x ∈ [n]},
whih has VC-dimension i and for whih fR(b) = 2
i + b − i− 1 is smaller than
υi−1(b) = 2
i−1(b− i) for b large enough.
2.2 Equivalene with Dira-type problems
Reall that Ex(n,m, k) denotes the maximum number of edges in a graph on
n verties whose indued subgraph on any m verties has at most k edges. Let
ζ(b) = 8 + 3⌊ b−32 ⌋+ s(b) where s(b) = 1 if b is even and 0 otherwise.
Lemma 3. For any b ≥ 3, the maximal size of a set system ([n], R) with
fR(b) = ζ(b)− 1 is Ex(n, b, ζ(b) − b− 2) + n+ 1.
Proof. By Lemma 1 it sues to prove the statement for ideal set systems. Let
([n], R) be an ideal set system with fR(k) < ζ(b) − 1 and maximal size. If R
ontains some range A of size 3, then |R|A| = 8. Now, write b = 3 + 2j + s
with s ∈ {0, 1}. Let B denote the set A augmented by j pairs of elements that
belong to R, and one single element of R if s = 1. The set B has size b and the
trae of R on B has size at least 8+ 3j + s = ζ(b). Thus, if fR(b) < ζ(b) we get
that R ontains no triple, and an thus be deomposed into
R = {∅} ∪ V ∪ E,
where V are the singletons and E the pairs in R; all the former the verties
of R and the latter its edges. If some element x ∈ [n] is not a singleton of V
then it is ontained in no range of R, and we an delete it without hanging the
size of R; this ontradits the maximality of R. Now, notie that the trae of R
on any b elements ontains at most fR(b) − b − 1 = ζ(b) − b − 2 edges, sine it
ontains the empty set and eah of the b verties. Conversely, let G = ([n], E)
be a graph whose indued graph on any b verties has at most ζ(b)−b−2 edges.
If R = {∅} ∪ [n] ∪ E then the set system ([n], R) satises fR(b) < ζ(b) and the
statement follows.
A graph whose indued subgraphs on any m verties have at most k < ⌊m24 ⌋
edges annot ontain a K⌊ k2 ⌋,⌊
k
2 ⌋
, and thus, by the K®vári-Sós-Turán Theorem,
has at most Ex(n,m, k) = O
(
n
2− 1
⌊ k
2
⌋
)
edges. It follows that:
Ex(n, 4, 3) = Ex(n, 5, 5) = O(n
√
n).
The lassial onstrutions yielding bipartite graphs on n verties with Θ(n
√
n)
edges and no K2,2 show that this bound is best possible. Sine ζ(4) = 9, we get
that the family of growth rates obtained by the onditions fR(b) = k does not
only ontain polynomial growth with integer exponents:
Corollary 4. The largest set system ([n], R) with fR(4) = 8 or fR(5) = 10 has
size |R| = Θ(n√n).
Note that Lemma 3 an be extended into an equivalene of Question 1 and
Dira's problem on r-regular hypergraphs for arbitrary large r.
RR n° 7154
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3 Families of permutations
In this setion we give bounds on the size of a family F of permutations on [n]
with a given φF (b).
Redution to set systems. An inversion of a permutation σ on [n] is a pair
of elements i < j suh that σ−1(i) > σ−1(j). The distinguishing pair of two
permutations σ1 and σ2 is the lexiographially smallest pair (i, j) ⊂ [n] that
appears in dierent orders in σ1 and σ2, i.e. is an inversion for one but not
for the other. If F is a family of permutations on [n] we let IF denote the set
of distinguishing pairs of pairs of permutations from F . Given a permutation
σ ∈ F , we let R(σ) denote the set of elements of IF that are inversions of σ,
and let R(F ) = {R(σ) | σ ∈ F}. Observe that (IF , R(F )) is a range spae and
that R is a one-to-one map between F and R(F ). In partiular |F | = |R(F )|.
Lemma 5. fR(F )(⌊m2 ⌋) ≤ φF (m) and |IF | ≤ Ex(n,m, φF (m)− 1).
Proof. Consider b = ⌊m2 ⌋ elements (p1, . . . , pb) in IF and assume there exists
k ranges R(σ1), . . . , R(σk) with distint traes on {p1, . . . , pb}. Then the re-
stritions of σ1, . . . , σk on X = ∪1≤i≤bpi must also be pairwise distint. Thus,
φF (m) ≥ k whenever fR(F )(⌊m2 ⌋) ≥ k, and the statement follows.
Let s(t) denote the maximum number of distinguishing pairs in a family of
t permutations (on [n]). From
s(2) = 1 and s(t) ≤ 1 + max
1≤i≤t−1
{s(i) + s(t− i)} ,
we get that s(t) ≤ t− 1 by a simple indution. This implies that in the graph
G = ([n], IF ), any m verties span at most φF (m)− 1 edges, and it follows that
|IF | ≤ Ex(n,m, φF (m)− 1),
whih onludes the proof.
A subquadrati IF is not always possible: every pair is a distinguishing pair
of the family of all permutations on [n] that restrit to the identity on some
(n− 1)-tuple. For that family, φF (m) = (m− 1)2 + 1.
Main transitions. We an now outline the main transitions in the growth
rate of families of permutations aording to the value of φF (m). Let b = ⌊m2 ⌋.
 If φF (m) ≤ ⌊m2 ⌋ then, by Lemma 5, fR(F )(b) ≤ b and Theorem 2 with
i = 0 yields that |F | = |R(F )| = O(1).
 Assume that ⌊m2 ⌋ < φF (m) < 2⌊m2 ⌋. Then, by Lemma 5, fR(F )(b) <
2b and Theorem 2 with i = 1 yields that |F | = |R(F )| = O(|IF |) =
O(Ex(n,m,m − 2)) = O(n). A mathing lower bound is given by the
family
F1 : all permutations on [n] that dier from the identity by the
transposition of a single pair of the form (2i, 2i+ 1),
of size 1 + ⌊n2 ⌋ and with φF1(m) = ⌊m2 ⌋+ 1.
INRIA
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 If φF (m) < 2
⌊m2 ⌋
then, by Lemma 5, fR(F )(b) < 2
b
and (IF , R(F ))
has VC-dimension at most b − 1. It follows, from Sauer's Lemma, that
|F | = |R(F )| = O(|IF |b−1), and sine |IF | = O(n2), we get that |F | is
O
(
n2⌊
m
2 ⌋−2
)
.
 If φF (m) ≥ 2⌊m2 ⌋ then the family
F2 : all permutations on [n] that dier from the identity by the
transposition of any number of pairs of the form {2i, 2i+ 1},
of size 2⌊
n
2 ⌋
and with φF2 (m) = 2
⌊m2 ⌋
shows that |F | an be exponential
in n.
If φF (m) = m then |IF | = O(Ex(n,m,m − 1)), whih is superlinear and
O(n
1+ 1
⌊m
2
⌋ ) [11℄. We have not found any example showing that F ould have
superlinear size. The main transitions are summarized in Table 2.
φF (m) ≤ ⌊m2 ⌋ ⌊m2 ⌋ < φF (m) < 2⌊m2 ⌋ 2⌊m2 ⌋ ≤ φF (m) < 2⌊
m
2 ⌋ 2⌊
m
2 ⌋ ≤ φF (m)
|F | Θ(1) Θ(n) Ω(n) and O (n2⌊m2 −2⌋) Ω(2⌊n2 ⌋)
Table 2: Maximum size of a family F of permutations as a funtion of φF (m).
Exponential upper bounds. Raz [14℄ proved that if φF (3) ≤ 5 then |F |
has size at most exponential in n. The following simple observation derives a
similar bounds for a few other values of φF (m).
Lemma 6. If |F | is at most exponential whenever φF (m− 1) ≤ k − 1 then |F |
is at most exponential whenever φF (m) ≤ k.
Proof. Let T (n,m, k) denote the maximum size of a family F suh that φF (m) ≤
k. Assume that φF (m) = k = φF (m − 1) as otherwise the statement trivially
holds. Let X ∈ ( [n]m−1) suh that F|X = {σ1, . . . , σk} has size k, and let:
Fi = {σ ∈ F | σ|X = σi}.
Observe that F is the disjoint union of the Fi. Sine φF (m) = k, for any
e ∈ [n] \ X and for any i = 1, . . . , k, there exists a unique permutation in
(Fi)|X∪{e} that restrits to σi on X . In other words, for every element in
[n] \X , the set X ∪ {e} appears in the same order in all permutations of Fi. It
follows that
|Fi| = |(Fi)|[n]\X |,
that is, deletingX does not derease the size of eah Fi onsidered individually 
although it may derease the size of F . Now, let Gi = (Fi)|[n]\X and onsider the
set system ([n]\X,Gi). If φGi(m−1) ≤ k−1 then |Gi| ≤ T (n−m+1,m−1, k−1),
and otherwise φGi(m−1) = k and we reurse. Altogether, we have the reursion
T (n,m, k) ≤ kmax (T (n−m+ 1,m− 1, k − 1), T (n−m+ 1,m, k)) ,
and it follows that if T (n,m−1, k−1) is at most exponential, so is T (n,m, k).
It then follows, with Raz's result, that |F | is at most exponential whenever
φF (m) ≤ m+2. Table 3 tabulates our results for small values of m and φF (m),
using the urrently best known bounds on Ex(n, k, µ) we are aware of [11℄.
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k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
m = 2 n! - - - - - - - -
m = 3 2Θ(n) 2Θ(n) 2Θ(n) 2Θ(n) n! - - - -
m = 4 2 ⌊ 2n3 ⌋+ 1 2Θ(n) 2Θ(n) 2Θ(n) 2Ω(n) 2Ω(n) 2Ω(n) 2Ω(n)
m = 5 2 ⌊n2 ⌋+ 1 2Θ(n) 2Θ(n) 2Θ(n) 2Θ(n) 2Ω(n) 2Ω(n) 2Ω(n)
m = 6 2 3 Θ(n) Θ(n) O(n3) O(n3) 2Θ(n) 2Ω(n) 2Ω(n)
m = 7 2 3 Θ(n) Θ(n) O(n2) O(n3) 2Θ(n) 2Θ(n) 2Ω(n)
m = 8 2 3 4 Θ(n) Θ(n) Θ(n) O(n21/8) O(n7/2) O(n7/2)
m = 9 2 3 4 Θ(n) Θ(n) Θ(n) O(n2) O(n7/2) O(n7/2)
m = 10 2 3 4 5 Θ(n) Θ(n) Θ(n) Θ(n) O(n27/10)
Table 3: Maximum size of a family F of permutations on [n] with φF (m) = k.
4 Conlusion
A natural open question is the tightening of the bounds for both Questions 1
and 2. In partiular, the rst ase where Lemma 5 no longer guarantees that
the redution from permutations to set systems leads to a ground set with linear
size is φF (m) = m; does that ondition still imply that |F | is O(n) when m is
large enough?
Raz's generalization of the Stanley-Wilf onjeture, that is, whether φF (m) <
m! implies that |F | is exponential in n, also appears to be a hallenging question.
Can it be takled by a normalization tehnique similar to Lemma 1?
A line interseting a olletion C of pairwise disjoint onvex sets in Rd in-
dues two permutations, one reverse of the other, orresponding to the order
in whih eah orientation of the line meets the set. The pair of these permuta-
tions is alled a geometri permutation of C. One of the main open questions
in geometri transversal theory [19℄ is to bound the maximum number of ge-
ometri permutations of a olletion of n pairwise disjoint sets in Rd (see for
instane [2, 3, 8, 16℄). We an pik from eah geometri permutation one of its el-
ements so that the resulting family F has the following property: if anym mem-
bers of C have at most k distint geometri permutations then φF (m− 2) ≤ k.
One interesting question is whether bounds suh as the one we obtained ould
lead to new results on the geometri permutation problem.
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